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ON ASYMPTOTIC DIMENSION OF GROUPS ACTING ON TREES
G. Bell and A. Dranishnikov
Abstract. We prove the following.
Theorem. Let pi be the fundamental group of a finite graph of groups with finitely gener-
ated vertex groups Gv having asdimGv ≤ n for all vertices v. Then asdimpi ≤ n+ 1.
This gives the best possible estimate for the asymptotic dimension of an HNN extension
and the amalgamated product.
§0 Introduction
The notion of the asymptotic dimension asdimX of a metric space X was introduced
by Gromov [Gr, pp. 28–30] (asdim+X in his notation) for studying asymptotic invariants
of discrete groups. He gave three equivalent definitions. The first two definitions deal with
coverings of metric spaces and allow us to use topological methods. The third involves
mapping into Hilbert space and allows the use of more analytical techniques. We will use
all three definitions as well as some characterizations of asdim given in [Dr]. Gromov’s
first definition is as follows: a metric space X has asymptotic dimension asdimX ≤ n if
for any (large) number d one can find n + 1 uniformly bounded families U0, . . . ,Un of
d-disjoint sets in X such that the union ∪iU i is a cover of X . Two sets in a metric space
are called d-disjoint if every point in the first is at least d away from every point in the
second. Asymptotic dimension is a quasi-isometry invariant. Recall that the two metric
spaces (X, dX) and (Y, dY ) are said to be quasi-isometric if there exist constants λ, ǫ and
C and a map f : X → Y such that Y ⊂ NC(f(X)) and
1
λ
dX(z, w)− ǫ ≤ dY (f(z), f(w)) ≤ λdX(z, w) + ǫ.
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Here, NC(f(X)) denotes the open C-neighborhood of f(X).
A generating set S, S = S−1, in a group Γ defines the word metric on Γ by the
following rule: dS(x, y) is the minimal length of a presentation of the element x
−1y ∈ Γ
in the alphabet S. If a group Γ is finitely generated, then all metrics dS with finite
S are quasi-isometric. Thus, one can speak about the asymptotic dimension asdimΓ
of a finitely generated group Γ. Gromov proved [Gr, pg. 31] that asdimΓ < ∞ for
hyperbolic groups Γ. In [DJ] it was shown that Coxeter groups have finite asymptotic
dimension. In [BD] we proved that the finiteness of asymptotic dimension is preserved
under amalgamated products and HNN extensions of groups. Results on the finiteness of
asymptotic dimension became quite important because of a theorem of Yu which states
that the Novikov Higher Signature Conjecture holds for manifolds whose fundamental
group has a finite asymptotic dimension [Yu].
In this paper we prove a finite asymptotic dimensionality theorem in the case of a
general graph of groups. Moreover, we significantly improve the existing estimates for
the asymptotic dimension of amalgamated products and HNN extensions. In particular,
we show that the asymptotic dimension of the fundamental group of a graph of groups
does not exceed the maximum of the asymptotic dimension of the vertex groups plus
one.
We note that asymptotic dimension is a coarse invariant, i.e. it is an invariant of the
coarse category introduced in [Ro]. We recall that the objects in the coarse category are
metric spaces and morphisms are coarsely proper and coarsely uniform (not necessarily
continuous) maps. A map f : X → Y between metric spaces is called coarsely proper if
the preimage f−1(Br(y)) of every ball in Y is a bounded set in X . A map f : X → Y
is called coarsely uniform if there is a function ρ : R+ → R+, tending to infinity, such
that dY (f(x), f(y)) ≤ ρ(dX(x, y)) for all x, y ∈ X . Thus, quasi-isometric metric spaces
are coarsely equivalent. We note that every object in the coarse category is isomorphic
to a discrete metric space, i.e. to a space with a metric taking values in the nonnegative
integers Z+.
§1 Asymptotic dimension
We recall that the order (or multiplicity) of a cover U of a space X is the maximum
number n such that every x ∈ X is covered by no more than n elements of U . If d > 0,
the d-multiplicity of a cover U of a metric space X is the maximum number n such that
every d-ball Bd(x) intersects no more than n elements of U . Gromov’s second definition
of asymptotic dimension follows:
asdimX ≤ n if for any (large) number d > 0 there is a uniformly bounded cover V of
X with d-multiplicity ≤ n+ 1.
The equivalence of Gromov’s first and second definitions was proven in [Gr, pp 29–31].
We recall that the Lebesgue number of a cover U of a metric space X is L(U) =
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inf{max{d(x,X \U) | U ∈ U} | x ∈ X}. Gromov’s second definition can be reformulated
as follows:
Assertion 1. asdimX ≤ n if for any (large) number d > 0 there is a uniformly bounded
cover U of X with multiplicity ≤ n+ 1 and with Lebesgue number L(U) > d.
Proof. Let d be given and let V be as in Gromov’s second definition. We define U =
{Nd(V ) | V ∈ V}. Clearly, L(U) ≥ d. Since Bd(x) intersects no more than n+1 elements
of V, no more than n+ 1 elements of U contain x. Thus, U has multiplicity ≤ n+ 1.
On the other hand, let d be given and let U be an open cover satisfying the conditions
of Assertion 1 for 2d. We define V = {U \ Nd(X \ U) | U ∈ U}. Since L(U) ≥ 2d,
V is still a cover of X . The condition Bd(x) ∩ (U \ Nd(X \ U)) 6= ∅ is equivalent to
Bd(x) 6⊂ Nd(X \ U). The latter is equivalent to the condition x /∈ X \ U, i.e., x ∈ U .
Therefore V has multiplicity ≤ n+ 1. 
Let U be an open cover of a metric space X . The canonical projection to the nerve
p : X → Nerve(U) is defined by the partition of unity {φU : X → R}U∈U , where
φU (x) = d(x,X \U)/
∑
V ∈U d(x,X \V ). The family {φU : X → R}U∈U defines a map p
to the Hilbert space l2(U) with basis indexed by U . The nerve Nerve(U) of the cover U
is realized in l2(U) by taking every vertex U to the corresponding element of the basis.
Clearly, the image of p lies in the nerve.
Proposition 1. For every k and every ǫ > 0 there exists a number ν = ν(ǫ, k) such that
for every cover U of a metric space X of order ≤ k + 1 with Lebesgue number L(U) > ν
the canonical projection to the nerve pU : X → Nerve(U) is ǫ-Lipschitz.
Proof. We take ν ≥ (2k+3)2ǫ . Let x, y ∈ X and U ∈ U . The triangle inequality implies
|d(x,X \ U)− d(y,X \ U)| ≤ d(x, y).
Then |φU (x)− φU (y)| ≤
1∑
V ∈U d(x,X \ V )
d(x, y) + d(y,X \ U)| 1∑
V ∈U d(x,X \ V )
− 1∑
V ∈U d(y,X \ V )
|
≤ 1
L(U)d(x, y) +
1
L(U)(
∑
V ∈U
|d(x,X \ V )− d(y,X \ V )|) ≤ 2k + 3
ν
d(x, y).
Then ‖p(x)− p(y)‖ =
= (
∑
U∈U
(φU (x)− φU (y))2) 12 ≤ ((2k+ 2)(2k + 3
ν
d(x, y))2)
1
2 ≤ (2k + 3)
2
ν
d(x, y) ≤ ǫd(x, y).
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
Every countable simplicial complex K can be realized in the Hilbert space l2 in such
a way that all vertices of K are vectors from some orthonormal basis. As a subspace
of the metric space l2, K inherits the so-called uniform metric. All simplices in this
metric are isometric to the standard simplices ∆n (of different dimensions n). When
the simplicial complex K is considered with this uniform metric, we denote it by KU .
Gromov’s third definition characterizes asymptotic dimension by means of Lipschitz maps
to uniform polyhedra. We note that an additional property of the canonical projection is
that the preimage of every (open) simplex p−1U (σ) lies in the union of those U ∈ U which
correspond to the vertices of σ. Thus, if the cover U consists of uniformly bounded sets,
then the preimages p−1U (σ) are also uniformly bounded. A map f : X → K to a simplicial
complex is called uniformly cobounded if the diameters of the preimages of all simplices
f−1(σ) are uniformly bounded. Since the equivalence of Gromov’s third definition to
other two is not given in detail in [Gr] we present it here in the form of
Assertion 2. For a metric space X the inequality asdimX ≤ n is equivalent to the
following condition:
For any (small) ǫ > 0 there is a uniformly cobounded ǫ-Lipschitz map f : X → K to
a uniform simplicial complex of dimension ≤ n.
Proof. Let K be an n-dimensional simplicial complex. We consider the cover VK of K by
open stars of its vertices Ost(v,K). Clearly the multiplicity of this cover is n+1. If K is
a uniform complex, then there is a uniform lower bound cn for the Lebesgue number, i.e.,
L(VK) > cn for all K with dimK ≤ n. For every uniformly cobounded ǫ-Lipschitz map
f : X → K to a uniform simplicial complex K of dimension ≤ n the preimage f−1(VK)
will be a uniformly bounded cover of X with multiplicity ≤ n + 1 and with Lebesgue
number > cn/ǫ. By Assertion 1 we have asdimX ≤ n.
On the other hand, let asdimX ≤ n. Given ǫ > 0 we take ν = ν(ǫ, n) from Proposition
1. By Gromov’s second definition of asdim we can take a uniformly bounded cover U ofX
of multiplicity ≤ n+1 with Lebesgue number > ν. Then by Proposition 1 the projection
pU : X → Nerve(U) is an ǫ-Lipschitz map to a uniform n-dimensional polyhedron. The
preimage p−1U (σ) of every simplex is contained in a union of elements of U having a
common point. Hence pU is uniformly cobounded. 
We will use the following theorems proven in [BD].
Finite Union Theorem. Suppose that a metric space is presented as a union A ∪ B
of subspaces. Then asdimA ∪B ≤ max{asdimA, asdimB}.
A family of metric spaces {Fα} satisfies the inequality asdimFα ≤ n uniformly if for
arbitrary large d > 0 there exist R and R-bounded d-disjoint families U0α . . .Unα of subsets
of Fα such that the union ∪iU iα is a cover of Fα.
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Infinite Union Theorem. Assume that X = ∪αFα and asdimFα ≤ n uniformly.
Suppose that for any r there exists Yr ⊂ X with asdimYr ≤ n and such that the family
{Fα \ Yr} is r-disjoint. Then asdimX ≤ n.
§2 Simplicial mapping cylinders
An orientation on a simplicial complex K is a linear order on its vertices. Every
subcomplex of an oriented complex has the induced orientation.
On the product of two ordered sets A × B we define a partial ordering called the
product order by the rule: (a, b) < (a′, b′) if either a < a′ and b ≤ b′ or a ≤ a′ and b < b′.
Let σ be an oriented k-simplex x0, . . . , xk . The product order on {x0, . . . , xk}×{0, 1}
defines a triangulation on the prism σ×[0, 1] by the following rule: every chain (xi0 , yj0) <
· · · < (xir , yjr), yj = 0, 1, spans a simplex. We note that the set of vertices for this
triangulation equals {x0, . . . , xk} × {0, 1}.
Proposition 2. For every simplicial map f : X → Y the mapping cylinder Mf admits
a triangulation with the set of vertices equal to the disjoint union of vertices of X and
Y .
Proof. We consider an orientation on X . For every simplex σ in X we consider the
triangulation of the prism σ × [0, 1] defined above. Since the orientations on simplices
σ agree with each other, it defines a triangulation on X × [0, 1]. Let Z = f(X). We
consider the image M of the simplicial map g : X × [0, 1]→M defined by means of the
map f on X × {1}. Then Mf is a simplicial complex as it is the union of the simplicial
complexes M and Y along the common subcomplex Z. 
By the product metric on the cartesian product X × Y of two metric spaces (X, dX)
and (Y, dY ) we mean the metric
d((x1, y1), (x2, y2)) =
√
dX(x1, x2)2 + dY (y1, y2)2
where x1, x2 ∈ X and y1, y2 ∈ Y .
Proposition 3. For every n there is a constant cn so that for any simplicial map g :
X → Y of an oriented n-dimensional simplicial complex X the quotient map q : X ×
[0, 1] → Mg of the product X × [0, 1] to the mapping cylinder Mg is cn-Lipschitz where
X and Mg are given the uniform metrics and X × [0, 1] has the product metric.
Proof. We note that the quotient map q : X × [0, 1]→ Mg can be factored through the
uniformization q′ : X × [0, 1] → (X × [0, 1])U where the triangulation on X × [0, 1] is
defined by means of the orientation on X and (X × [0, 1])U is a uniform complex. Thus
q = q¯ ◦ q′ where q¯ : (X × [0, 1])U → Mg is a simplicial map between uniform complexes.
Since q¯ is always 1-Lipschitz, it suffices to show that there is a constant cn so that for
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any oriented n-dimensional complex X the uniformization q′ : X × [0, 1]→ (X × [0, 1])U
is cn-Lipschitz.
For each k > 0, by a k-prism we mean a subset of X × [0, 1] of the form σ × [0, 1]
for some k − 1-simplex σ of X. First, for each k there exists a constant λk so that a
uniformization of each k-prism is λk-Lipschitz.
With the λk as above, take cn = max{λk | 1 ≤ k ≤ 2n + 2}. It remains to show that
q′ is cn-Lipschitz. To this end, let x and y in X × [0, 1] be given. Take a simplex σ in
X of minimal dimension with x ∈ σ × [0, 1], and a simplex τ ∈ X of minimal dimension
with y ∈ τ × [0, 1].
Since the complex X is considered in the uniform metric, its vertices span a (infinite)
simplex ∆0. The orientation on X defines an orientation on ∆0. Therefore the trian-
gulation on X × [0, 1] is naturally extendable to a triangulation on ∆0 × [0, 1] with the
same set of vertices.
Let q˜ denote the uniformization map of ∆
(2n+1)
0 × [0, 1]. Then q˜ |X×[0,1]= q′.
Let ρ be a simplex in ∆0 of minimal dimension so that σ and τ are faces of ρ. Then,
dim ρ ≤ dimσ+dim τ+1 ≤ 2n+1. Now, q˜ is cn-Lipschitz when restricted to the k-prism
ρ× [0, 1]. Note that k ≤ 2n+ 2. Thus, d(q(x), q(y)) = d(q˜(x), q˜(y)) ≤ cnd(x, y). Thus, q
is cn-Lipschitz. 
Proposition 4. Let A ⊂ W ⊂ X be subsets in a geodesic metric space X such that the
r-neighborhood Nr(A) is contained in W and let f : W → Y be a continuous map to
a metric space Y . Assume that the restrictions f |Nr(A) and f |W\Nr(A) are ǫ-Lipschitz.
Then f is ǫ-Lipschitz.
Proof. Let x, y ∈W be two points. The only possibility for difficulties with checking the
Lipschitz condition can occur when x and y lie in different sets Nr(A) andW \Nr(A). Let
x ∈ Nr(A) and y ∈W \Nr(A) and let γ : [0, d(x, y)]→ X be a geodesic segment joining
them in X . Then there is a t ∈ [0, d(x, y)] such that γ(t) ∈ ∂Nr(A), where ∂Nr(A) =
{z ∈ X | d(z, A) = r}. Then dY (f(x), f(y)) ≤ dY (f(x), f(γ(t))) + dY (f(γ(t)), f(y)) ≤
ǫdX(x, γ(t)) + ǫdX(γ(t), y) = ǫdX(x, y). 
We recall that L(U) denotes the Lebesgue number of a cover U of a metric space. If
U is a cover of a subset A ⊂ X of a metric space, we define L(U) = inf{sup{d(x,X \U) |
U ∈ U} | x ∈ A}. Let b(U) denote the least upper bound for the diameters of U ∈ U and
let ν(ǫ, k) be the number defined by Proposition 1.
Lemma 1. Let r > 8ǫ and let V and U be covers of the r-neighborhood Nr(A) of
a closed subset A in a geodesic metric space X by open sets such that both U and V
have order ≤ n + 1, Nerve(V) is orientable, and L(U) > b(V) > L(V) ≥ ν(ǫ/4cn, n),
where cn is the constant from Proposition 3. Then there is an ǫ-Lipschitz map f :
Nr(A) → Mg to the mapping cylinder supplied with the uniform metric of a simplicial
map g : Nerve(V) → Nerve(U) between the nerves such that f is uniformly cobounded,
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f |∂Nr(A) = q(pV |∂Nr(A), 0), and f |A = pU |A, where pU : Nr(A) → Nerve(U) and
pV : Nr(A)→ Nerve(V) are the canonical projections to the nerves.
Proof. We recall that the simplicial complexes Nerve(U) and Nerve(V) inherit their
metrics from the Hilbert spaces l2(U) and l2(V). By Proposition 1 the projections pU :
Nr(A)→ Nerve(U) and pV : Nr(A)→ Nerve(V) are ǫ/4cn-Lipschitz. Let tx = 2dX(x,A)cnr ,
we define
f(x) =
{
q(pV(x), 2− tx) if d(x,A) > cnr/2
txgpV(x) + (1− tx)pU (x) otherwise.
In the first case q−1f(x) lies in Nerve(V)× [0, 1). The map q−1f : Nr(A)→ Nerve(V)×
[0, 1) is max{ǫ√2/4cn, 2
√
2/cnr}-Lipschitz and is therefore ǫ/cn-Lipschitz. In the second
case the linear combination is taken in the Hilbert space l2(U). It belongs to Nerve(U),
since gpV(x) and pU (x) lie in the simplex of Nerve(U) spanned by all U ∈ U that contain
x. Note that the coefficients in the linear combination are 2/cnr-Lipschitz functions.
Therefore, they are ǫ/4cn-Lipschitz, as 2/r ≤ ǫ/4.
Proposition 3 implies q is cn-Lipschitz. Hence the restriction qq
−1f |Ncnr(A)\Ncnr/2 is ǫ-
Lipschitz. Since the coefficients tx and 1−tx are ǫ/4cn-Lipschitz and ‖gpV(x)‖, ‖pU(x)‖ ≤
1, it follows from the Leibnitz rule that the restriction of f to Ncnr/2(A) is also ǫ-
Lipschitz. In view of Proposition 4 we can conclude that f is an ǫ-Lipschitz map. Note
that f |∂Nr(A) = pV |∂Nr(A) and f |A = pU |A.
Finally, we show diam f−1(q(σ × [0, 1])) ≤ 2b(U). For x and y in f−1(q(σ × [0, 1])),
there are three cases to consider, based on dist(x,A) and dist(y, A). If both dist(x,A)
and dist(y, A) > cnr/2, then f(x) = q(pV(x), 2 − tx) and f(y) = q(pV(y), 2 − ty), so
x and y are in σ under the projection to the nerve pV . So, there is some set V ∈ V
containing x and y. Thus, dist(x, y) ≤ b(V) < b(U). Next, if dist(x,A) < cnr/2 and
dist(y, A) ≥ cnr/2, then f(x) is the same as above, and f(y) is a linear combination of
elements of a simplex in Nerve(V), with coefficients at most 1. The map g takes an open
set V ∈ V containing x into a set U ∈ U containing the elements of the linear combination
in the expression for f(y). Thus, dist(x, y) ≤ 2b(U). Finally, if both elements lie in the
closed cnr/2 neighborhood of A, then both of the elements lie in a linear combination of
elements of a simplex in Nerve(U), so dist(x, y) ≤ 2b(U). 
§3 Groups acting on trees
A norm on a group A is a map ‖ ‖ : A → Z+ such that ‖ab‖ ≤ ‖a‖+ ‖b‖ , ‖a−1‖ =
‖a‖ and ‖x‖ = 0 if and only if x is the unit in A. A set of generators S ⊂ A with
S = S−1 defines the norm ‖x‖S as the minimal length of a presentation of x in terms
of S. A norm on a group defines a left-invariant metric d by d(x, y) = ‖x−1y‖. If
G is a finitely generated group and S and S′ are two finite generating sets, then the
corresponding metrics dS and dS′ define coarsely equivalent metric spaces (G, dS) and
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(G, dS′). In particular, asdim(G, dS) = asdim(G, dS′), and we can speak about the
asymptotic dimension asdimG of a finitely generated group G.
Assume that a group Γ acts on a metric space X . For every R > 0 we define the
R-stabilizer WR(x0) of the point x0 ∈ X to be the set of all g ∈ Γ with g(x0) ∈ BR(x0).
Here BR(x) denotes the closed ball of radius R centered at x.
Lemma 2. Assume that a finitely generated group Γ acts by isometries on a tree X with
a base point x0. Suppose that asdimWR(x0) ≤ k for all R. Then asdimΓ ≤ k + 1.
Proof. Let S = S−1 be a finite generating set for Γ. We define a map π : Γ → X by
the formula π(g) = g(x0). Using the uniqueness of a geodesic segment between any two
points in X this map can be canonically extended to a Γ-equivariant map π¯ : Y → X
of the Cayley graph Y of the group Γ. Let λ = max{dX(s(x0), x0) | s ∈ S}. We show
now that π is λ-Lipschitz. Since the metric dS on Γ is induced from the geodesic metric
on the Cayley graph, it suffices to check that dX(π(g), π(g
′)) ≤ λ for all g, g′ ∈ Γ with
dS(g, g
′) = 1. Without loss of generality we assume that g′ = gs, where s ∈ S. Then
dX(π(g), π(g
′)) = dX(g(x0), gs(x0)) = dX(x0, s(x0)) ≤ λ. Since every edge in the Cayley
graph maps via π¯ to a geodesic segment, it follows that π¯ is also λ-Lipschitz.
Observe that WR(x0) = π
−1(BR(x0)), γBR(x) = BR(γ(x)) and γ(π¯
−1(BR(x))) =
π¯−1(BR(γ(x))) for all γ ∈ Γ, x ∈ X and all R. We note that the spaces WR(x0) and
π¯−1(BR(x0)) are in a finite Hausdorff distance from each other and therefore, coarsely
equivalent. We denote the latter by W¯R(x0).
Let ck be the Lipschitz constant defined by uniformization of the product K
′ × [0, 1],
for a k-dimensional simplicial complex K ′ (see Proposition 3).
Given a (small) number ǫ > 0, we will construct an ǫ-Lipschitz, uniformly cobounded
map ψ : Y → K to a uniform k + 1-dimensional simplicial complex. Let ν = ν(ǫ/4ck, k)
be from Proposition 1, and take r > max{ν, 8/ǫ}. We need only consider the Γ-orbit
of x0 in order to get information about Γ. Since asdimX ≤ 1, we have asdimΓx0 ≤ 1.
Thus there is a uniformly bounded cover W of Γx0 with multiplicity 2 such that the
λr-enlargement {Nλr(W )} is a cover of Γx0 with multiplicity 2. Indeed, using Gromov’s
first definition of asdim, we can find two families of uniformly bounded, d-disjoint setsW1
andW2 whose union covers Γx0 with d≫ λr; then, putW =W1∪W2. For eachW ∈ W,
let W¯ denote π¯−1(W ). As W is uniformly bounded, there is some R > 0 so that for each
W ∈ W we can find xW ∈ Γx0 with the property that Nλr(W ) ⊂ BR(xW ). As π¯ is
λ-Lipschitz, we have π¯(Nr(W¯ )) ⊂ Nλr(W ). Thus, Nr(W¯ ) ⊂ π¯−1(BR(xW )) = W¯R(xW ).
Let γW ∈ Γ have π(γW ) = xW .We use the condition asdim W¯R(x0) ≤ k to construct two
families of uniformly bounded covers V and U of the set W¯R(x0) both with multiplicity
≤ k + 1 such that the Lebesgue number L(V) is greater than r and L(U) > b(V), where
b(V) is an upper bound for diameters of the cover V.
First, we construct a family of uniformly cobounded ǫ-Lipschitz maps φW : Nr(W¯ )→
KW to uniform k-dimensional simplicial complexes as the canonical projections to the
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nerve of γWV restricted to Nr(W¯ ).
Next, let W and W ′ be elements of W such that W ∩W ′ 6= ∅. Thus, in the nerve,
Nerve(W), the sets W and W ′ define an edge e. Put Ae = W ∩ W ′, and let A¯e de-
note π¯−1(Ae). Observe that Nr(A¯e) ⊂ Nr(W¯ ) and Nr(W¯ ′). Let Ve and Ue denote the
restrictions of the covers V and U to Nr(A¯e). We take the triangulation on the map-
ping cylinder Mge of a simplicial map ge : Nerve(Ve) → Nerve(Ue) as in Proposi-
tion 2, and consider Mge as a uniform simplicial complex. As r > 8/ǫ, we may ap-
ply Lemma 1 to A¯e ⊂ Y and to the covers Ve and Ue to obtain an ǫ-Lipschitz map
fe : Nr(A¯e)→Mge . We note that the Nr(A¯e) are disjoint for distinct edges in the nerve.
Indeed, π¯(Nr(A¯e)) ⊂ Nλr(Ae) ⊂ Nλr(W ) ∩Nλr(W ′); so, if Nr(A¯e) ∩Nr(Ae′) 6= ∅, then
the λr-enlargement of W would have multiplicity at least 3. Thus, for each W ∈ W
define ψW : Nr(W¯ )→ KW ∪W∈eMge = LW to the uniform complex LW , with mapping
cylinders attached as the union of the map φW |Nr(W¯ )\∪W∈eNr(A¯e) and the restrictions
fe|Nr(A¯e)∩Nr(W¯ ), for all edges e in Nerve(W) which contain W as a vertex in the nerve
Nerve(W).
We construct K by gluing together the LW . Clearly, the dimension of K is at most
k + 1. The maps ψW : Y → K agree on the common parts A¯e so they define a map
ψ : Y → K. The map ψ is ǫ-Lipschitz by Proposition 4, and uniformly cobounded by the
Lemma 1. 
In the next section we show (Lemma 3) that if a group Γ acts on a tree with compact
quotient and with asdimΓx ≤ n for all stabilizers, then asdimWR(x0) ≤ n for all R. As
a corollary of this and Lemma 2 we obtain the following:
Theorem 1. Assume that a finitely generated group Γ acts on a tree X with a compact
orbit space with the stabilizers Γx having asdimΓx ≤ n for all vertices x ∈ X. Then
asdimΓ ≤ n+ 1.
§4 Graph of groups
We recall some of the basic constructions and known facts about graphs of groups.
Our development and notation closely follow that of [S]. Let Y be a non-empty, connected
graph. To each P ∈ VertY, associate a group GP and to each y ∈ EdgeY, a group Gy =
Gy¯ equipped with two injective homomorphisms, φy : Gy → Gt(y) and φy¯ : Gy¯ → Gi(y).
Define the group F (G, Y ) to be the group generated by the elements of the GP and
the elements y ∈ EdgeY subject to the relations:
y¯ = y−1
and
yφy(a)y
−1 = φy¯(a),
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if y ∈ EdgeY and a ∈ Gy . Let c be a path in Y starting at some vertex P0. Let
y1, y2, . . . , yn denote the edges associated to c, where t(yi) = Pi. Then the length of
c is n, and we write i(c) = P0 and t(c) = Pn. A word of type c in F (G, Y ) is a pair
(c, µ) where c is a path as above and µ is a sequence r0, r1, . . . , rn, where ri ∈ GPi , The
associated element of the group F (G, Y ) is
|c, µ| = r0y1r1y2r2 · · · ynrn ∈ F (G, Y ).
Serre gives two equivalent definitions of the fundamental group of the graph of groups
(G, Y ). For the first description, let P0 denote a fixed vertex and GP0 the associated
group. Let π = π1(G, Y, P0) be the set of elements of F (G, Y ) associated to a path c
in Y with i(c) = t(c) = P0. Obviously, π ⊂ F (G, Y ) is a subgroup. For the second
description, let T be a maximal subtree of Y, and define π = π1(G, Y, T ) to be the
quotient of F (G, Y ) by the normal subgroup generated by the elements t ∈ EdgeT. If gy
denotes the image of y ∈ EdgeY in π, then the group π is the group generated by the
groups GP and the elements gy subject to the relations
gy¯ = g
−1
y ,
gyφy(a)g
−1
y = φy¯(a),
and
gt = 1
where a ∈ Gy , and t ∈ EdgeT. So, in particular, φt(a) = φt¯(a) for all t ∈ EdgeT. The
equivalence of the descriptions is proven in [S].
Examples. (1) If Y is the graph with two vertices P,Q and one edge y, then π1(G, Y, P ) =
π1(G, Y,Q) = GP ∗Gy GQ, the free product of GP and GQ amalgamated over Gy.
(2) If Y is the graph with one vertex P and one edge y then φy¯(Gy) is a subgroup of
GP , and π1(G, Y, P ) is precisely the HNN extension of GP over the subgroup φy¯(Gy) by
means of φyφ
−1
y¯ .
We now describe the construction of the so-called Bass-Serre tree X˜ on which π will
act by isometries. Let T be a maximal tree and let πP denote the canonical image of
GP in π, obtained via conjugation by the path c, where c is the unique path in T from
the basepoint P0 to the vertex P. Similarly, let πy denote the image of φy(Gt(y)) in πt(y).
Then, set
Vert X˜ =
∐
P∈VertY
π/πP
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and
Edge X˜ =
∐
y∈EdgeY
π/πy.
For a more explicit description of the edges, observe that the vertices xπi(y) and xyπt(y)
are connected by an edge for all y ∈ EdgeY and all x ∈ π. Obviously the stabilizer of
the vertices are conjugates of the corresponding vertex groups, and the stabilizer of the
edge connecting xπi(y) and xyπt(y) is xyπyy
−1x−1, a conjugate of the image of the edge
group. This obviously stabilizes the second vertex, and it stabilizes the first vertex since
yπyy
−1 = πy¯ ⊂ πi(y). It is known (see [S]) that the action of left multiplication on X˜ is
isometric.
Now we will assume that the graph Y is finite and that the groups associated to the
edges and vertices are finitely generated with some fixed set of generators chosen for
each group. We let S denote the disjoint union of the generating sets for the groups,
and require that S = S−1. By the norm ‖x‖ of an element x ∈ GP we mean the minimal
number of generators in the fixed generating set required to present the element x. We
endow each of the groups GP with the word metric given by dist(x, y) = ‖x−1y‖. We
extend this metric to the group F (G, Y ) and hence to the subgroup π1(G, Y, P0) in the
natural way, by adjoining to S the collection {y, y−1 | y ∈ EdgeY }.
Proposition 5. Let Y be a non-empty, finite, connected graph, and (G, Y ) the associated
graph of finitely generated groups. Let P0 be a fixed vertex of Y, then under the action of
π on X˜, the R-stabilizer WR(1.P0) is precisely the set of elements of type c in F (G, Y )
with i(c) = P0, and l(c) ≤ R.
Proof. First, every x = |c, µ| ∈ K with l(c) ≤ R is in WR(1.P0) since distX˜(xGP0 , GP0)
is the number of edges in the path c which is at most R. For the reverse inclusion, it
suffices to show that given a reduced word x = |c, µ|, with l(c) = R, the length of any
coset representative xGP0 is also R. Consider the word xg = r0y1r1 · · · ynrng, where
yi ∈ EdgeY, ri ∈ GPi and g ∈ GP0 . The relations on F (G, Y ) allow for only one type of
reduction involving edges to occur. It occurs in one of the following two forms:
(1) yφy(a) = φy¯(a)y, or
(2) yφy(a)y
−1 = φy¯(a),
where a ∈ Gy and y ∈ EdgeY. Clearly only a reduction of type (2) can decrease the
(path) length of the word. So, assume that there are edges y−1j+1 = yj and through a
sequence of type-(1) reductions, x is translated to
r0y1 · · · yjrjφyj (b)yj+1r′j+1 · · · ynr′n.
Now, in order for a type-(2) reduction to occur here, we must have rjφyj (b) = φyj (d) for
some d ∈ Gyj . This implies that rj = φyj (db−1), which enables a type-(2) reduction of
the original word x. As x was assumed to be reduced, this cannot occur. 
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Lemma 3. If a group Γ acts on a tree with compact quotient and finitely generated
stabilizers satisfying asdimΓx ≤ n for all vertices x, then asdimWR(x0) ≤ n for all R.
Proof. Consider the subset K ⊂ F (G, Y ) of all words whose associated path c has i(c) =
P0. This set acts on the tree by left multiplication, and the fundamental group is a subset
of K.We consider the R-stabilizerWR(P0) of the fixed vertex as a subset of K, and show
that this set has asymptotic dimension at most n by induction. It will follow then that
the stabilizers in the fundamental group will also have asymptotic dimension at most n.
We proceed by induction. The base case is clear since W0 is precisely GP0 and by
assumption, asdimW0 ≤ n. By Proposition 5, WR is precisely the set of all words in K
with associated path c for which l(c) ≤ R. Let Hk ⊂ K be the set of elements whose
paths have length precisely k. Then, in the above notation, WR = ∪k≤RHk, so by the
Finite Union Theorem (§1), it suffices to prove that asdimHk ≤ n for all k. Since W0
and H0 coincide, we proceed to the induction step on Hk.
Observe that Hk ⊂ ∪y∈EdgeYHk−1yGt(y). Since Y was assumed to be a finite graph,
this is a finite union. So, by the Finite Union Theorem, it suffices to show that asdimHk∩
Hk−1yGt(y) ≤ n, for some fixed y ∈ EdgeY. Next, we let Yr = Hk−1yNr(φy(Gy)), where
Nr(φy(Gy)) is the r-neighborhood of φy(Gy) in F (G, Y ). Now, the set Yr is coarsely
equivalent to Hk−1yφy(Gy), and by the relations on F (G, Y ), this set is Hk−1φy¯(Gy)y =
Hk−1y. Finally, Hk−1y is coarsely equivalent to Hk−1, which, by the inductive hypoth-
esis, has asymptotic dimension not exceeding n. Thus, we conclude that asdimYr ≤ n.
Consider the sets xyGt(y), indexed by those x ∈ Hk−1, which do not end with an element
of φy¯(Gy). Notice that this collection does cover Hk ∩Hk−1yGt(y) since we may obtain
xφy¯(a)yg from xyφy(a)g, which is of the required form. The map Gt(y) 7→ xyGt(y) is an
isometry in the word metric, so asdim(xyGt(y)) ≤ n uniformly.
To apply the Infinite Union Theorem from §1, we need only show that the family
{Hk∩Hk−1yGt(y)\Yr} is r-disjoint. To this end, let x 6= x′ and suppose that z and z′ are
in Gt(y) \Nr(φy(Gy)). Consider dist(xyz, x′yz′) = ‖z−1y−1x−1x′yz′‖. Write z = φy(a)s,
and z′ = φy(a
′)s′, where ‖s‖ and ‖s′‖ > r. Then,
‖z−1y−1x−1x′yz′‖
= ‖s−1y−1φy¯(a−1)x−1x′φy¯(a′)ys′‖.
Now, a reduction can only occur in the middle, and if φy¯(a
−1)x−1x′φy¯(a
′) is not in
φy¯(Gy), then
‖z−1y−1x−1x′yz′‖ > ‖s‖+ ‖s′‖ > 2r.
So, suppose that there is a b ∈ Gy so that φy¯(b) = φy¯(a−1)x−1x′φy¯(a′). Then, putting
c = ab(a′)−1, we see that x′ = xφy¯(c). By construction x
′ cannot end with a nontrivial
element of φy¯, so that φy¯(c) = e, which implies x
′ = x, a contradiction.
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We conclude that the families are r-disjoint, and therefore, by the Infinite Union
Theorem, asdimHk < n, so that asdimWR < n for every R. 
In view of the Bass-Serre structure theorem [S], every group acting without inversion
on a tree with compact quotient is a fundamental group of a graph of groups, so we may
reformulate Theorem 1 in terms of graphs of groups.
Theorem 1′. Let (G, Y ) be a finite graph of groups with finitely generated vertex groups
satisfying the inequality asdimGv ≤ n for all vertex groups. Then for the fundamental
group we have asdimπ1(G, Y, v0) ≤ n+ 1 for any vertex v0.
The estimate of Theorem 1′ is exact for HNN extensions. It is also exact for the
general amalgamated product. For example, asdimA ∗C B = 2, where A = B = C = Z
and the inclusions C → A and C → B are equal to the multiplication by 2. Indeed,
A ∗C B is isomorphic to the fundamental group of the Klein bottle. Hence the group
A ∗C B is coarsely isomorphic to the universal cover X of the Klein bottle which is equal
(topologically) toR2. One can show thatX is coarsely isomorphic to the Euclidean plane
R2 and then asdimX = asdimA∗CB = 2. Another possibility here is to apply Gromov’s
estimate for the asymptotic dimension of a uniformly contractible manifold X [Gr, pg.
32]: for a uniformly contractible manifold X without boundary, asdimX = dimX.
We believe that the exact formula in the case of the amalgamated product should be
asdimA∗CB = max{asdimA, asdimB, asdimC+1} where neither of the monomorphisms
C → A and C → B is an isomorphism.
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